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5.1 Area and Distance Problems

Learning Objectives: After completing this section, we should be able to

• find the area under a curve by estimating the sum of the areas of rectangular strips.

• apply finding the area under a curve in distance problems.

Example. Suppose I drove my car at a constant velocity of 55 MPH for 0.5 hours.

5.1.1 Area Under a Curve

The area of the region under the graph of f on [a, b] is

How far did I travar?

distance
-Prate/fimal

= 155/10.5 hours

=27.5miles

How also can this be represented?
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How can we approximate area under the curve?

Example. Let f(x) = 9� x2
on the interval [0, 3].

·...

fro

-· Ifri

Hoff

...
is

the
under a curve.

/I+
R=(width

(height) =(((fror =(119-02 =9

Rz =(width/height =()(fri)
=(119 - 1) =8

R3=(width/height) =(((frz)) =(119 - 24 =5
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Let f(x) = 9� x2
on the interval [0, 3].

Estimated arca =9 +8 +5 =22 fovcrestimatel

frx =q - x2

⑧fri

Right E ·

efrar
-
R

!
@°····

frer

R=(width) (height) =()-f(( =((q - 1) =8

R2 =(width/hright)
=(.frz =1.19 - 24) =5

Ry =(width((high) =()
- f(3) =1.19 - 32) =0

estimated arca = Ri +R2 +R3
=8 +5 +0 =13

underestimated
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Let f(x) = 9� x2
on the interval [0, 3].

&

0.5.fro.s

mess·(.5,frz./
2.5

estimated arca =Ri +Re +Ry

=(1)(fros) +(1. f(1.5/1 4. frz.5)

=(19 - 0.54 +(1.19 - 1.52 +y.(9 - 2.52)
=8.45 +6.35 +2.75

=18.25
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5.1.2 Exact Area

How can we improve our approximation?

Example. Let f(x) = 9� x2
on the interval [0, 3].

Use more
rectangles!

·
rorframe frost

Evarightrectangle has width
·

ro.5
endpriy-q

loft and point
3 - 0 ↑

Y 1x =1
- 6

= I
Loft ↑

number of rectangles

=xffrar+frost fre+fr.stfratfrif** ess vs ex=and
fre=9- x

- = 20.125- in

~

A

↳ -x =1= =
=

0.25

Liz= xffrotfrozs/ ffrost...
frasffresf
-

:x=f(x) =q - x2↑ ....

↑Exact

↑2 total farms

=19.0938

meiof rectangles
where x.x...... An are equallyspaced
-values between Xia and x =b.
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5.2 The Definite Integral

Learning Objectives: After completing this section, we should be able to

• define a definite integral as the limit of a Riemann sum.

• evaluate definite integrals using summation properties.

• apply various properties of definite integrals.

Definition. Let f be a continuous function on [a, b].

That is a lot to write, can we be lazier?

Definition. Definite Integral: Let f be a function defined on [a, b].

5.2.1 Geometric Understanding of Area

Example. What does

Z 3

0
(9� x2

)dx look like graphically?

thanthe notarea under the curve
of

fix) between X =a and X= bis

A =xffratfre+..fran), where 1x =E is the width of

arbitrar points within each

each rectangle and truth... aree

of the 1 rectangles
raft_rightmidpoint

IfA =maxffre+frxalt...ffra] exists, than this baitis the

definite integral from a
to bof fret, and itis notated as

&"from a
to

="The
integral from a to b

A = ~ f of fixdx.
-

Ea*of fredx
~integral-

· The number a
is the lower limitof integration

· the numberb
is the upper

limitof integration

· Ifthe above limit exists, we say f is integrable on farb).

M

//zaj
area of

/
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Net Area under a Curve

So far, our examples have been positive.

Example.

We can estimate the area using Riemann Sums :
Suppose we have

• Left Riemann Sum

• Right Riemann Sum

• Midpoint Riemann Sum

1
-=f(x

· ↓
W

lat arca
- ~ fredx-fare about traxis) - area below taxis

under f between a

a and b =(R +R3) - (Re) assuming wa

Meas-rc the arcas RrMz.Ry in absolute value

Rasions below x-axis can cancel out" with regions above X-axis

a curve life between a and b. If

we use a rectangles/intervals to estimate the area under

the curve between a 3 b
b - a

width of rectangles =1X
=

e

↳ =exfreetext...
fratered

b =a +n- 1X

↓

Re =xxffx
+...+fra+nx)

I firms

31x

af I

M =

xfra
+..fra +rex
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Example. Approximate

Z 1

�3
f(x)dx using n = 4 rectangles with a Left, Midpoint, and Right Riemman

sums.

5.2.2 Properties of Definite Integrals

1.

Z b

a
f(x)dx+

Z c

b
f(x)dx =

2.

Z b

a
f(x)dx+

Z b

a
g(x)dx =

3.

Z b

a
f(x)dx =

4.

Z a

a
f(x)dx =

5.

Z b

a
cf(x)dx =

6.

Z b

a
|f(x)|dx =

1x =a =- -x
=

=
1

↳y =exffrar +fra+a +fra+zx+fra+3x

↳
=1ff( -z) +fr - 3 +1 +f( - 3 +2 -y +f(3 +3]

=1.ffry) +fr-z) +fr- 4 +frot

Ry =axffratx +fratzx+fra+3ax) +frat4-1x
= 1ff(-3 + 1) +f(- 3 +2)) +f(4+3)+f(- 3 +413=(ff-z)+frtfroffr]

My =xfra+fra
+fra+frax-ffrezs+frs+frs+fras

fre

!
Safrox Efrax fred

Safreifgreax
-freex

whi? 1x= than -1x = - F =

aP WL
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O ~
fret

↑
A

frede
where a is any

fixed constant.

#
al area between free and X-axis
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Example. Suppose

Z 1

0
f(x)dx = 5,

Z 2

0
f(x)dx = 2, and

Z 2

1
g(x)dx = 3. What is

Z 2

1
(2f(x)� g(x))dx?

A note about dummy variables.

We can compute some definite integrals geometrically.

Example.

Z 3

�2
|x� 1|dx =

2 f(x) - g(x2f(x) +(-)grx)

-
~Eafrer-greJax=5 2freraxrgredx

=2.Freidx + r-5 gredx

C
- 25 fixox +r-il. 3

~ fre ax + frax frerax

5 + rfixax=2 as fredx=5
and frax=2

=>(2f(xdx =2- 5=- 3

=
2(-3 +(- 1)(5) =

- 6 - 3 =- 9

def-xdx =

- +2dt

1 1

x X-
~t

The variable label doesn'tmatter for definite integrals.

-2,(-
ei

1
Ty=x- 1 12z-z

x =(x- 1

- (3-13- 1))
=(3-2)

- 2

↑ I ↑ ↓
=>Nor3

e 7.
e

-
2

3
area

=2 b.h =2 - 2.2

arca = -b-h =5.3.3

-2x -11dx =2.3.3 +1. 2.2
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Example.

Z 4

2

p
1� (t� 3)2dt =

1

X ↓

#"
A = - r=4.

*dt=
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5.3 Fundamental Theorem of Calculus

Learning Objectives: After completing this section, we should be able to

• establish the Fundamental Theorem of Calculus and apply it.

• identify the relationship between di↵erentiation and integration as inverse processes.

5.3.1 Fundamental Theorem of Calculus, part 1

Recall:

Z b

a
f(x)dx =

What if we write the function for area under f(t) as

Let’s find
dA
dx =

Theorem. If f is continuous on [a, b],

Example. d
dx

Z x

1
(t3 + 1)dt

nat area under free from
x=a fox =

b

fre

=a b
balow X-axis is negative

arca

as a ranges from a starting pointf to some variable X?

Arx=, frtidt #
-x-

*Arx-
Ar

-

In*freidt-freidt *frerde
h

As hafrares
frt

Area-Xitge=fra

*
Fundamentar Thethenfor a =x=b,w hav)cen
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i fix)

--

with respectto t o
fe
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5.3.2 Fundamental Theorem of Calculus, part 2

Theorem. Let f be continuous on [a, b]. Then,

Example. We found an approximate answer for

Z 3

0
(9� x2

)dx in a previous section.

Example. Evaluate

Z 9

5
(7x3 � ex)dx.

->senseis
Safrxdx =f(b) - fra) =f(x)

x=a

where fix is anyantidarivative of fixie. f(x) =f(x)
W

justneed ifwe can use c =0 if we want

mindafinite integral

Letfixt=9-x? Then frx) =ffredx
0=

=((a -My
=95x0x - 5x2dx
=9fo-x C

=9x - 5x+c

Will use the canxidorinative where C
=0.

/9 - x2dx =f(x)
x=0

=
fro) - fro

= (9.3 - 5.33) - (9.0 -5.
okay to

stop har
=

(27 - q) - (0) =18

wall ba brief
↑

-eax=-
e

x
=5

=- 29 -5- e5
okay to

Stopher
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Example. Evaluate

Z 4

1

✓
3

x2
� 9

◆
dx.

You try!

Example. Evaluate

Z 3

1

✓
3x2 � 8x+

1

x

◆
dx.

You try!

Example. Evaluate

Z ⇡

⇡
2

cos(x)dx.

=x2- qxodx
4

=> (3x2*-9x
x =1

=
Stop
herz

= -
=

- 24.75

= x-sx
=(23y-*-sn

#

-
-

Stop
harz

=0 - 1 =

- ·"anti derivative


